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FFT-Based Polymul./Intmul.

Complexity Type Constraint Work
Schönhage–Strassen (1971) O (n lg n lg lg n) Intmul. None [SS71]

Schönhage (1977) O (n lg n lg lg n) Polymul. 2−1 or 3−1 [Sch77]
Nussbaumer (1980) O (n lg n lg lg n) Polymul. 2−1 or 3−1 [Nus80]

Cantor–Kaltofen (1991) O (n lg n lg lg n) Polymul. None [CK91]
Fürer (2009) n lg n2Θ(lg∗ n)) Intmul. None [Für09]

Harvey–van der Hoeven (2021) O (n lg n) Intmul. None [HvdH21]
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Practicality of Schönhage/Nussbaumer

▶ Scheme-dependent (over Z2k or Zq for an odd q).
▶ Platform-dependent (width of mul. instructions).
▶ Revising the cost with incomplete transformations.
▶ Sometimes practically fastest and sometimes not.

▶ NTRU Prime (sntrup761/ntrulpr761) with AVX2
▶ Z4591[x]

/⟨
x761 − x− 1

⟩
.

▶ Schönhage/Nussbaumer is slower than multiplication-based FFT.
▶ Saber on Cortex-M3

▶ Z8192[x]
/⟨

x256 + 1
⟩

.
▶ Schönhage/Nussbaumer is faster.

Vincent Hwang | Practical Aspects of Schönhage and Nussbaumer FFTs



3

FFT-Based Polynomial Multiplications

▶ Monic degree-n g.
▶ Ring hom. f : R[x]/⟨g⟩ ↪→ S, various FFTs.

▶ Cooley–Tukey.
▶ Schönhage/Nussbaumer.
▶ Rader, Good–Thomas, Bruun, and many more.

▶ ab = f−1 (f(a)f(b)).
▶ Two f , one ·S , and one f−1.

a

b

f(a)

f(b)

f

f

f(a)f(b) = f(ab)·S ab
f−1
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Cooley–Tukey FFT

▶ n = 2h, h ≥ 0.
▶ If (i) ∃ωn ∈ R and (ii) ∃n−1 ∈ R, then

R[x]/⟨xn − 1⟩ ∼=
∏

R[x]
/⟨

x
n
2 ± 1

⟩ ∼= · · · ∼=
∏

i R[x]
/⟨

x− ω
bitrev(i)
n

⟩
∼= Rn.

▶ bitrev: n-bit bit-reversal.

R[x]
⟨xn−1⟩

R[x]⟨
x

n
2 −1

⟩ R[x]⟨
x

n
2 +1

⟩

R[x]⟨
x

n
4 −1

⟩ R[x]⟨
x

n
4 +1

⟩ R[x]⟨
x

n
4 −ω4

⟩ R[x]⟨
x

n
4 +ω4

⟩
...

...
...

...
R

n
4 R

n
4 R

n
4 R

n
4

n copies of R in total.
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Analyzing Cooley–Tukey

▶ T· : # mul. in the transformation.
▶ T+ : # add. in the transformation.
▶ T# : # subproblems after the transformation.

T·(n) = 2T·
(
n
2

)
+ 1

2n

T+(n) = 2T+
(
n
2

)
+ n

T#(n) = 2T#
(
n
2

)
+ Jn = 1K

T·(n) = 1
2n lg n

T+(n) = n lg n

T#(n) = n
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Nussbaumer FFT

▶ n = 22
h

, h ≥ 0.
▶ R[x]/⟨xn + 1⟩ ∼= (R[y]/⟨y

√
n+1⟩ )[x]

⟨x√
n−y⟩ ↪→ (R[y]/⟨y

√
n+1⟩ )[x]

⟨x2
√

n−1⟩
∼=

∏
i
(R[y]/⟨y

√
n+1⟩ )[x]

⟨x−ybitrev(i)⟩
R[x]

⟨xn+1⟩

R[x]

⟨x√
n+1⟩ · · · · · · · · · R[x]

⟨x√
n+1⟩

2
√
n

...
...

...
...

...

R R R R R

n lg n
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Analyzing Nussbaumer

▶ No mul. in the transformation.
▶ T+ : # add. in the transformation.
▶ T# : # subproblems after the transformation.{

T+(n) = 2
√
nT+ (

√
n) + 1

2n lg n+ n

T#(n) = 2
√
nT# (

√
n) · Jn > 2K + 2 · Jn = 2K{

T+(n) = 1
2n lg n lg lg n+ n lg n− n

T#(n) = n lg n
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Comparisons

Cooley–Tukey Schönhage/Nussbaumer
T· 1

2n lg n 0
T+ n lg n Θ(n lg nmax (lg lg n, 1))
T# n n lg n

▶ Computation we will go through in this talk.
▶ Computation requiring a more careful analysis (memory op., add.).
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Incomplete Transformation

We often stop earlier as long as problem sizes ≤ m, a certain (platform-dependent) constant
(usually 4 to 8).
Let C(m) be the cost of the fastest approach multiplying polynomials in R[x]/⟨xm + 1⟩ .
▶ Schoolbook: Θ(m2), m2 mul.
▶ Karatsuba: Θ(m1.58).

Cooley–Tukey Schönhage/Nussbaumer
T· 1

2n lg n · 1
lgm 0

T+ n lg n · 1
lgm Θ(n lg nmax (lg logm n, 1))

T# n
m n lg n · 1

m lgm

# mul., 3T· + T# · C(m) n lg n · 3
2 lgm + nm n lg n · m

lgm

▶ # mul.: Cooley–Tukey
Schönhage/Nussbaumer ∼

3
2m .
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An Unsuccessful Story of Schönhage/Nussbaumer I

▶ NTRU Prime (sntrup761/ntrulpr761): Z4591[x]
/⟨

x761 − x− 1
⟩ ∼= F4591761 .

▶ Choose a polynomial modulus g with deg ≥ 1521.
▶ Compute in Z4591[x]/⟨g⟩ .
▶ Haswell, AVX2, 256-bit vector registers (packed 16-bit elements).

▶ Mulmod. in Z4591 is not very fast.

Schönhage/Nussbaumer Mul.-based
Work [BBCT22] [Hwa24]

Poly. ring Z4591[x]
⟨(x1024+1)(x512−1)⟩

Z4591[x]
⟨Φ17(x96)⟩

Cycles 23, 460 12, 336
Comment Complicate tran. (omitted)
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An Unsuccessful Story of Schönhage/Nussbaumer II

Schönhage/Nussbaumer Mul.-based

Poly. ring Z4591[x]
⟨(x1024+1)(x512−1)⟩

Z4591[x]
⟨Φ17(x96)⟩

Total cycles 23, 460 12, 336
Tran. cycles 10, 500 9, 378
Small polymul. cycles 12, 960 2, 958

▶ Over the same coefficient ring Z4591, there are too many small polymul. in
Schönhage/Nussbaumer (4×).

▶ Mulmod. in Z4591 is not very fast −→ huge impact for Schönhage/Nussbaumer.
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A Successful Story of Schönhage/Nussbaumer I

▶ Saber (saber):
▶ Matrix-vector product M · v over Z213 [x]

/⟨
x256 + 1

⟩
.

▶ Approaches:
▶ Schönhage/Nussbaumer over Z213 .
▶ RNS (Z3329,Z7681) for mul.-based Cooley–Tukey.

▶ Cortex-M3, Armv7-M, 32-bit registers.
▶ Mul. in Z21,...,32 are very fast.
▶ Mulmod. in Z3329,Z7681 are slow.

Schönhage/Nussbaumer Mul.-based
Work Submitted [ACC+22]
Poly. ring Z213 [x]

⟨x256+1⟩
(Z3329×Z7681)[x]

⟨x256+1⟩
Cycles 272k 391k
Comment Cooley–Tukey, RNS
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A Successful Story of Schönhage/Nussbaumer II

Schönhage/Nussbaumer Mul.-based

Poly. ring Z213 [x]

⟨x256+1⟩
(Z3329×Z7681)[x]

⟨x256+1⟩
Total cycles 272k 391k
Tran. cycles 171k 284k
Small polymul. cycles 101k 107k

▶ # small polymul. in Schönhage/Nussbaumer is roughly 2× than in RNS.
▶ Mul. in Z221 is extremely fast compared to mulmod. in Z3329 × Z7681.
▶ The large # of small polymul. over Z221 is still fast.
▶ Transformation in Schönhage/Nussbaumer is fast since we only need add., whereas we

need a lot of mul. (in Z3329 × Z7681) in the mul.-based one.
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Takeaway

▶ Schönhage/Nussbaumer is fast when mul. in R is fast.
▶ Choose a scheme comes with R = Z2k . For example, Saber (k = 13) and NTRU

(k = 11 ∼ 14).
▶ Implement on a platform with 32-bit mul. instruction and no other longer mul. instructions.

▶ Cortex-M3.
▶ Schönhage/Nussbaumer should be the champion.
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